YEAR 12
COMMON TEST 4

TRIAL HSC EXAMS
2007

EXTENSION 1
MATHEMATICS

Time allowed - 2 Hours

DIRECTIONS TO CANDIDATES
* Attempt ALL questions.
* ALL questions are of equal value.
* All necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.
* Board approved calculators may be used.

» Each question is to be started on a new page and you are to write your name, student
number and teacher’s name on each page.

* The marks allocated for each question are indicated.
° Standard integrals are listed on the last page.

Name : Student Number:

Teacher:

Q i Z 3 4 5 6 7 | Total

Mark | /12 /12 /12 /12 12 121 /12 /84




Question 1 ( 12 marks )

(a) If P(x)=x> —bx® —bx + 4 is divisible by x— 2, find the value of b. 2
i .
(b) Find m o sin 3x 2
x>0 x
(¢}  Write down the domain and range of 35in“'(§) 2
(d) Use the substitution # = 2x +1 to find the exact value of 4
4 X
—dx
‘[0 N2x+1
(¢) Consider the graph of y = f(x). The value a, shown on the graph is taken as the 2

first approximation to the solution b of y = f(x).

Not to scale.

L 4

0 ; b\ x

Is the second approximation obtained by Newton’s method a better approximation than a 7 Justify
your answer.



Question 2 ( 12 marks ) Start a new page.

(a) Find all values of x which satisfy the inequality

x-+1 59

x-1
(b} Find [ sin® 2x dx
(c)

X

Not to scale.
h
C
b 120° a
ne 30
A 6
p B

A tetrahedran has base AABC in the horizontal plane with ZACB = 120°. XC is perpendicular to
BCand AC. £ XBC=30°and £ XAC = 60°.

()  Show that g =h+f3 .
(i) Hence show that a = 35.

(ii)  Show thatc = b-f13 .

(d) Prove by induction that for all positive integers n

oL, 1 n
2x3 Ixd (n+1)(n+2) 2(n+2)




Question 3 ( 12 marks ) Start a new page.

() P (2ap, ap®) and Q (2aq, ag®) are two distinct points on the parabola x* = 4ay.
The chord PQ passes through (0, - a).

4 Show that pg = 1. 3

§3)) The normals at P and Q meet at N where N has co-ordinates 2
{—apg(p+q),a(p2+q2+pq+2)), { Do NOT prove this. )

Show that the equation of the locus of N is
¥ =a (y—a).

(b) Find all values of x, where 0 < x < 2n, which satisfy the equation 3

cosx++/3sinx=1.

{c ) Assume that the rate at which a body warms in air is proportional to the difference between its
temperature T and the constant temperature A of the surrounding air.

This can be expressed by % = k(T - A).
- dt

] . 17
i) Show that T = A4 + Ce", where C is a constant , is a solution of FT =k(T—-A). 1
1

i) A body warms from 5° to 10° in 20 minutes. The air temperature is 30°. 3
Find the temperature of the body afier 35 minutes.



Question 4 ( 12 marks ) Start a new page.

(a) Find a general solution to the equation sin 2x = 2sin? x

(b) The diagram shows a conical drinking cup of height 10 cm and radius 6 cm. The cup is being
filled with water at the rate of k cm? per second. The height of the water at time 7 seconds is 4 cm
and the radius of the water’s surface is  cm.

Not to scale.

i) Show that r = %ﬁ

dh
i) Find the rate at which the height is increasing je —
4

Question 4 is continued on page 6.



Question 4 (cont)

¢) The A ABC has vertices 4 (2, 5), B (-1 ,2)and C(3,-1). The point

3m+2n 5Sn-m, . . . .
s ) divides AC in the ratio m : n.
m+n  m+n

¥

1} Find the point X which divides 4B in the ratio m : n.

1i) Show that XY is parallel to BC.

iii) Determine — .

Question S5is on page 7.



Question 5 ( 12 marks ) Start a new page.
(a) (i) How many different arrangements of the word REDEEMED are possible? 1

(11) An arrangement of the letters of the word REDEEMED is chosen at random 2
What is the probability that the Es are together ?

(b) 1) Show that the curve y = x* — 12x has stationary points at (~2,16) and 2
(2,~16).
1) Find the largest domain including zero such that the function 1

J{x)=x" -12x has an inverse f ~'(x).

11} On the same set of axes sketch the graphsof y = f(x} and y= j (x) 1

1v) Find the gradient of the tangent to the curve y = f ~)(x) at the point 1
(11, -1).

(¢) TP isatangent to the ciscle at P. XY is a éhord of the same circle produced to T. MT bisects ZPTX.

Not to scale.

i) Show that ZMPT = £ZLYT 2

11) Hence, or otherwise show that A MPL is isosceles. 2



Question 6 ( 12 marks ) Start a new page.

(a) A projectile is launched on a level surface with initial speed ¥ (ms™') and at an angle 8 to the horizontal.
The equations of horizontal and vertical motion are given by

1 . . . .
y=- Egtz + Visinf and x = Vicos8 , g is the acceleration due to gravity.

({ Do NOT prove this. )

Visinl@

(1) Show that the maximum height H reached by the projectile is . 2
g
(i} Show that the range R of the projectile (i.e. the horizontal distance from its starting 2
... . . V?sin28
position 1o where it Jands) is ———«—.
g

A large indoor stadium is 300 metres long. A goif ball is to be hit from floor leve] from one
end of the stadium to the other without hitting the roof. The roof is just high enough for the
ball to reach a maximum height of 25 metres.

38

(iii) Show that if the ball is just going to miss the roof then & = tan ™’ (%) .

(iv) Using this value of &, and using g = 9.8, find the value of ¥ so that the ball just y
lands at the other end of the stadium.

(b) In a raffle 100 tickets are sold. Five tickets are drawn out which will each win a prize.
(i) How many different combinations of five winning tickets are there? 1
(L.eave your answer in unsimplified form)

(31) Tom buys three tickets. What is the probability that all of Tom’s 1
tickets win prizes?
(Leave your answer in unsimplified form)

(ii1) What is the probability that at least one of Tom’s tickets win prizes? 2

(L.eave your answer in unsimplified form)



Question 7 ( 12 marks ) Start a new page.
a) The line y = mx isatangenttothecurve y=e” , k> 0.

i} Show that m = ke .

11) Determine the values of m such that the equation
kx

g =mx

will have 2 solutions, 1 solution or 0 solutions.

(b) Let f(x) = tan”'(tanx)
(1) Show that f'(x)} =1 forall x where f'(x) is defined.

i1) Skeich y = f(x) for —x < x < 7 indicating any discontinuities.

iii) For what values of x istan™'(tan x) = x.

1v) Show that if —1<x <1 then Ztan;'x=tan—l( lej.

1-x

v) Suppose x > 1. Write down a relationship between

- 4 2
2tan ]x and tan ]( xjj.
]1—x"

End of paper.



STANDARD INTEGRALS

} .
M dx =——x"" pa —; x=0,ifu<D
J net
o
—dy =inx, x>0
o
] 1
e™ dx =—¢", g0
J a
. 1 ‘ _
COSax & = Esin ax, a=0
J
i 1
sinaxdx =~—cosax, a= 0
-
1 1
secax dx =—lanar, a=0

. |
J secax tanax dy =-_secar, o= D

3 1 1 X
Jﬁdx =—1{an ]—, 6=t
a +x a a
f- D a>0, —a<y<a
E = s r -
. ,‘faz__l_?. 4}
i 1 L ETTEYy L
"-r._gf-“-_“:“df =lnjx+NrT—-ag”), x>a>0
4 Ay —-a*

[ 1
- "\l .1'2 + flﬁ

dr = 'Jn(.r +x2 e }

NOTE Inx=log,x, x>0

-10-
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